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In this paper, we use the coupled fixed point theorem for mixed monotone
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of initial value problems for the second order mixed monotone type of impulsive
differential equations and its application. Q 2000 Academic Press
1. INTRODUCTION AND PRELIMINARIES
The theory of nonlinear impulsive differential equations is an important
Ž w x. w xbranch of differential equations see 1 . In the earlier paper 3 , the
Banach fixed point theorem was used to investigate the existence and
uniqueness of solutions for nonlinear second order impulsive differential
equations in Banach space. In this paper, we shall use the coupled fixed
point theorem for mixed monotone condensing operators to discuss the
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Ž .initial value problems IVP for the second order mixed monotone type of
impulsive differential equations in the Banach space E,
¡u0 y f x , u , u s u , x g J , x / x ,Ž . i
<Du s I u x ,Ž .Ž .xsx i ii~ 1Ž .˜<Du9 s I u x i s 1, 2, . . . , m ,Ž . Ž .Ž .xsx i ii¢u 0 s w , u9 0 s w ,Ž . Ž .0 1
˜w x w x w x Ž .where f g C J = E = E, E , J s 0, 1 , I , I g C E, E i s 1, 2, . . . , m ,i i
<0 - x - x - ??? - x - 1, u denotes the zero element of E, Du sxsx1 2 m i
Ž q. Ž y. Ž q. Ž y.u x y u x , where u x and u x represent the right and left limitsi i i i
Ž . <of u x at x s x , respectively, and Du9 has a similar meaning forxsxi i
Ž . w x  Ž .u9 x , w , w g E. Let PC J, E s u : J “ E N u x is continuous at x /0 1
Ž q. 4 1w xx , left continuous at x s x , and u x exist, i s 1, 2, . . . , m , PC J, E si i i
 Ž .u : J “ E N u x is continuously differentiable at x / x , left continuous ati
Ž q. Ž y. Ž q. 4x s x , and u x , u9 x , u9 x exist, i s 1, 2, . . . , m . From the paperi i i i
w x 1w x X Ž . Ž y. Ž .3 , we know that for any u g PC J, E , u x s u9 x . In 1 and iny i i
Ž . X Ž . w xthe following, u9 x is understood as u x . Evidently, PC J, E andi y i
1w x 5 5 5 Ž .5PC J, E both are Banach spaces with norms u s sup u x andP C x g J
5 5 1 5 5 5 5 4 u s max u , u9 , respectively. It is easy to see that Q s u gP C P C P C
1w x Ž . Ž . 4 1w xPC J, E N u x G u , u9 x G u , x g J is a cone in PC J, E . Denote
 4 1w x 2w xJ9 s J _ x , x , . . . , x . A map u g PC J, E l C J9, E is called a1 2 m
Ž . Ž .solution of IVP 1 , if it satisfies 1 .
Let E be a real Banach space which has been partially ordered by a
cone P ; E, i.e., for any x, y g E, y y x g P m x F y. P is said to be
normal if there exist a positive consent N such that u F u F ¤ implies
5 5 5 5u F N ¤ . The properties of the cone and the partial order may be
w xfound in 4 . Let D ; E, A : D = D “ E be a mixed monotone operator
Ž w x. Ž .see 5 , iff A x, y is nondecreasing in x and nonincreasing in y. Point
Ž . Ž .x*, y* g D = D is called a coupled fixed point of A, iff A x*, y* s x*
Ž . Ž .and A y*, x* s y*. When x* s y*, i.e., A x*, x* s x*, we say that
x* g D is called a fixed point of A. A is called demicontinuous at point
Ž .  4  4 Ž .x , y g D = D, iff for any x , y ; D, x “ x , y “ y « A x , y0 0 n n n 0 n 0 n n
Ž .' A x , y . If A is demicontinuous at each point of D = D, then A is0 0
called demicontinuous on D = D. It is obvious that if A is continuous,
then A is demicontinuous.
w xLEMMA 1 2 . Let E be a real Banach space which has been partially
w xordered by a cone P. u , ¤ g E, u - ¤ , and u , ¤ is bounded with0 0 0 0 0 0
w x w xregard to the norm. A : u , ¤ = u , ¤ “ E is a mixed monotone operator0 0 0 0
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Ž . Ž .and demicontinuous, A u , ¤ G u , A ¤ , u F ¤ . Suppose that A satis-0 0 0 0 0 0
w xfies the condensing condition, i.e., for any D , D ; u , ¤ , when either1 2 0 0
Ž . Ž . Ž Ž .a D or a D is greater than 0 where a D means the Kuratowski1 2
. Ž Ž ..  Ž . Ž .4noncompactness measure of D , a A D , D - max a D , a D . Then1 2 1 2
Ž . w x w xA has a minimax coupled fixed point x*, y* g u , ¤ = u , ¤ , i.e., for0 0 0 0
Ž . w x w xany coupled fixed point x, y g u , ¤ = u , ¤ of A, it must be that0 0 0 0
x* F x F y*, x* F y F y*, and
x* s lim u , y* s lim ¤ ,n n
n“‘ n“‘
Ž . Ž . Ž .where u s A u , ¤ , ¤ s A ¤ , u n s 1, 2, . . . .n ny1 ny1 n ny1 ny1
LEMMA 2. If P is a normal cone in E, then Q is a normal cone in
1w xPC J, E .
1w xProof. It is easy to know that Q is a cone in PC J, E . For any u,
1w x 1 1 1¤ g PC J, E satisfying u F u F ¤ , i.e.,P C P C P C
u F u x F ¤ x , u F u9 x F ¤ 9 x , x g J .Ž . Ž . Ž . Ž .
Because P is a normal cone in E, we have
5 5 5 5 5 5 5 5u x F N ¤ x , u9 x F N ¤ 9 x , x g J .Ž . Ž . Ž . Ž .
5 5 5 5 5 5 5 5 5 5 1 5 5 1Hence u F N ¤ , and u9 F N ¤ 9 , i.e., u F N ¤ .P C P C P C P C P C P C
2. MAIN RESULT
THEOREM 1. Suppose that
˜Ž . Ž .i all I , I i s 1, 2, . . . , m are monotonic operators;i i
Ž . Ž .ii f x, u, ¤ is nondecreasing in u and nonincreasing in ¤ ;
Ž . 1w x Ž .iii For any y g J, u , ¤ g PC J, E j s 1, 2 , there exist constantsj j
Ž . m Ž .a G 0, b G 0, c G 0 i s 1, 2, . . . , m satisfying a q Ý b q c F 1 suchi i is1 i i
that
5 5f y , u y , ¤ y y f y , u y , ¤ yŽ . Ž . Ž . Ž .Ž . Ž .1 1 2 2
5 5 1 5 5 1F af max u y u , ¤ y ¤ , 4Ž .P C P C1 2 1 2
5 5 5 5 1I u y y I u y F b f u y u ,Ž . Ž . Ž .Ž . Ž . P Ci 1 i 2 i 1 2
˜ ˜ 15 5 5 5I u y y I u y F c f u y u i s 1, 2, . . . , m ,Ž . Ž . Ž .Ž .Ž . Ž . P Ci 1 i 2 i 1 2
w . w . Ž .where f : 0, q‘ “ 0, q‘ is nondecreasing and f r q - r, ; r ) 0;
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Ž . 1w x 2w x w xiv There exist u , ¤ g PC J, E l C J9, E , u F ¤ , and u , ¤0 0 0 0 0 0
1w xis bounded with regard to the norm in PC J, E , such that
¡ Yu x F f x , u x , ¤ x , x g J , x / x ,Ž . Ž . Ž .Ž .0 0 0 i
<Du F min I u x , I ¤ x , 4Ž . Ž .Ž . Ž .xsx0 i 0 i i 0 ii~
X ˜ ˜<Du F min I u x , I ¤ x i s 1, 2, . . . , m ,Ž . Ž . Ž .Ž . Ž . 4xsx0 i 0 i i 0 ii
X¢u 0 F w , u 0 F w ,Ž . Ž .0 0 0 1
2Ž .
¡ Y¤ x G f x , ¤ x , u x , x g J , x / x ,Ž . Ž . Ž .Ž .0 0 0 i
<D¤ G max I u x , I ¤ x , 4Ž . Ž .Ž . Ž .xsx0 i 0 i i 0 ii~
X ˜ ˜<D¤ G max I u x , I ¤ x i s 1, 2, . . . , m ,Ž . Ž . Ž .Ž . Ž . 4xsx0 i 0 i i 0 ii
X¢¤ 0 G w , ¤ 0 G w .Ž . Ž .0 0 0 1
Ž . 1w x 2w xThe IVP 1 has an unique solution u* g PC J, E l C J9, E , and we
construct the iterati¤e sequences
x
u x s w q w x q x y y f y , u y , ¤ y dyŽ . Ž . Ž . Ž .Ž .Hn 0 1 ny1 ny1
0
q I u x q I ¤ xŽ . Ž .Ž . Ž .Ý Ýi9 ny1 i9 i0 ny1 i0
0-x -x 0-x -xi9 i0
˜q x y x I u xŽ . Ž .Ž .Ý i i ny1 i1 1 1
0-x -xi1
˜q x y x I ¤ x ,Ž . Ž .Ž .Ý i i ny1 i2 2 2
0-x -xi2
x
¤ x s w q w x q x y y f y , ¤ y , u y dyŽ . Ž . Ž . Ž .Ž .Hn 0 1 ny1 ny1
0
3Ž .
q I ¤ x q I u xŽ . Ž .Ž . Ž .Ý Ýi9 ny1 i9 i0 ny1 i0
0-x -x 0-x -xi9 i0
˜q x y x I ¤ xŽ . Ž .Ž .Ý i i ny1 i1 1 1
0-x -xi1
˜q x y x I u x n s 1, 2, . . . .Ž . Ž . Ž .Ž .Ý i i ny1 i2 2 2
0-x -xi2
5 Ž . Ž .5 5 Ž . Ž .5 Ž .We ha¤e u x y u* x “ 0 and ¤ x y u* x “ 0, n “ ‘ , wheren n
˜ ˜I , I are nondecreasing, and I , I are decreasing.i9 i i0 i1 2
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w x 1w x 2w xProof. From the paper 3 , we know that u g PC J, E l C J9, E is
Ž . 1w xa solution of IVP 1 if and only if u g PC J, E is a solution of the
integral equation
x
u x s w q w x q x y y f y , u y , u y dyŽ . Ž . Ž . Ž .Ž .H0 1
0
˜q I u x q x y x I u x .Ž . Ž . Ž .Ž . Ž .Ý Ýi i i i i
0-x -x 0-x -xi i
Introduce an operator
x
A u , ¤ x s w q w x q x y y f y , u y , ¤ y dyŽ . Ž . Ž . Ž . Ž .Ž .H0 1
0
q I u x q I ¤ xŽ . Ž .Ž . Ž .Ý Ýi9 i9 i0 i0
0-x -x 0-x -xi9 i0
˜ ˜q x y x I u x q x y x I ¤ x ,Ž . Ž . Ž . Ž .Ž . Ž .Ý Ýi i i i i i1 1 1 2 2 2
x -x0-x -x ii 21
˜ ˜where I , I are nondecreasing, and I , I are decreasing.i9 i i0 i1 2
It is easy to see that
x
A u , ¤ 9 x s w q f y , u y , ¤ y dyŽ . Ž . Ž . Ž .Ž .H1
0
˜ ˜q I u x q I ¤ x .Ž . Ž .Ž . Ž .Ý Ýi i i i1 1 2 2
0-x -x 0-x -xi i1 2
Ž .By virtue of condition ii , we know that A is mixed monotone.
Ž . Ž . 1w x 1w xFor any u , ¤ , u , ¤ g PC J, E = PC J, E , x g J, from condi-1 1 2 2
Ž .tion iii , we have
5 5A u , ¤ x y A u , ¤ xŽ . Ž . Ž . Ž .1 1 2 2
x
5 5F x y y f y , u y , ¤ y y f y , u y , ¤ y dyŽ . Ž . Ž . Ž . Ž .Ž . Ž .H 1 1 2 2
0
5 5q I u x y I u xŽ . Ž .Ž . Ž .Ý i9 1 i9 i9 2 i9
0-x -xi9
5 5q I ¤ x y I ¤ xŽ . Ž .Ž . Ž .Ý i0 1 i0 i0 2 i0
0-x -xi0
˜ ˜5 5q x y x I u x y I u xŽ . Ž . Ž .Ž . Ž .Ý i i 1 i i 2 i1 1 1 1 1
0-x -xi1
˜ ˜5 5q x y x I ¤ x y I ¤ xŽ . Ž . Ž .Ž . Ž .Ý i i 1 i i 2 i2 2 2 2 2
0-x -xi2
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1
1 15 5 5 5F af max u y u , ¤ y ¤ 4Ž .P C P C1 2 1 22
m
1 15 5 5 5q b q c f max u y u , ¤ y ¤ 4Ž . Ž .Ý P C P Ci i 1 2 1 2
is1
5 5 1 5 5 1F f max u y u , ¤ y ¤ , 4Ž .P C P C1 2 1 2
and so
5 5 5 5 1 5 5 1A u , ¤ y A u , ¤ F f max u y u , ¤ y ¤ . 4Ž . Ž . Ž .P C P C P C1 1 2 2 1 2 1 2
Similarly, we have
A u , ¤ 9 x y A u , ¤ 9 xŽ . Ž . Ž . Ž .1 1 2 2
x
F f y , u y , ¤ y y f y , u y , ¤ y dyŽ . Ž . Ž . Ž .Ž . Ž .H 1 1 2 2
0
˜ ˜q I u x y I u xŽ . Ž .Ž . Ž .Ý i 1 i i 2 i1 1 1 1
0-x -xi1
˜ ˜q I ¤ x y I ¤ xŽ . Ž .Ž . Ž .Ý i 1 i i 2 i2 2 2 2
0-x -xi2
5 5 1 5 5 1F af max u y u , ¤ y ¤ 4Ž .P C P C1 2 1 2
m
1 15 5 5 5q c f max u y u , ¤ y ¤ 4Ž .Ý P C P Ci 1 2 1 2
is1
5 5 1 5 5 1F f max u y u , ¤ y ¤ , 4Ž .P C P C1 2 1 2
then
A u , ¤ 9 y A u , ¤ 9Ž . Ž .1 1 2 2 P C
5 5 1 5 5 1F f max u y u , ¤ y ¤ . 4Ž .P C P C1 2 1 2
Hence
5 5 1 5 5 1 5 5 1A u , ¤ y A u , ¤ F f max u y u , ¤ y ¤ . 4Ž . Ž . Ž .P C P C P C1 1 2 2 1 2 1 2
1w x 1w x 1w xTherefore, A : PC J, E = PC J, E “ PC J, E is continuous, and for
w x Ž . Ž  4.any D , D ; u , ¤ , diam A D , D F f max diam D , diam D . For1 2 0 0 1 2 1 2
any given « ) 0, there exist a finite number of subsets DŽ1., DŽ2., . . . , DŽ l .1 1 1
Ž1. Ž2. Žk . w xand D , D , . . . , D of u , ¤ , such that2 2 2 0 0
l
Ž i. Ž i.D ; D , diam D F a D q « ;Ž .D1 1 1 1
is1
k




A D , D ; A DŽ i. , DŽ j. ,Ž . Ž .D1 2 1 2
i , j
and
diam A DŽ i. , DŽ j. F f max diam DŽ i. , diam DŽ j. 4Ž . Ž .1 2 1 2
F f max a D , a D q « 4Ž . Ž .Ž .1 2
i s 1, 2, . . . , l ; j s 1, 2, . . . , k ,Ž .
we have
a A D , D F f max a D , a D q « . 4Ž . Ž . Ž .Ž . Ž .1 2 1 2
Letting « “ 0, we have
a A D , D F f max a D , a D q . 4Ž . Ž . Ž .Ž . Ž .1 2 1 2
Ž . Ž .When either a D or a D is greater than 0, then by virtue of the1 2
character of f, we have
a A D , D - max a D , a D . 4Ž . Ž . Ž .Ž .1 2 1 2
This implies that operator A is condensing.
Ž . Ž . Ž .From condition iv , we can prove that u F A u , ¤ , A ¤ , u F ¤ .0 0 0 0 0 0
In fact, by performing direct integration of the inequality uY F0
Ž .f x, u , ¤ twice, we have0 0
x
X X X <u x F u 0 q f y , u y , ¤ y dy q DuŽ . Ž . Ž . Ž .Ž . ÝH xsx0 0 0 0 0 i
0 0-x -xi
x
F w q f y , u y , ¤ y dyŽ . Ž .Ž .H1 0 0
0
˜ ˜q I u x q I ¤ xŽ . Ž .Ž . Ž .Ý Ýi 0 i i 0 i1 1 2 2
0-x -x 0-x -xi i1 2
s A u , ¤ 9 x ,Ž . Ž .
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and
x y
Xu x F u 0 q u 0 x q dy f z , u z , ¤ z dzŽ . Ž . Ž . Ž . Ž .Ž .H H0 0 0 0 0
0 0
< X <q Du q x y x DuŽ .Ý Ýxsx xsx0 i 0i i
0-x -x 0-x -xi i
x
F w q w x q x y y f y , u y , ¤ y dyŽ . Ž . Ž .Ž .H0 1 0 0
0
q I u x q I ¤ xŽ . Ž .Ž . Ž .Ý Ýi9 0 i9 i0 0 i0
0-x -x 0-x -xi9 i0
˜ ˜q x y x I u x q x y x I ¤ xŽ . Ž . Ž . Ž .Ž . Ž .Ý Ýi i 0 i i i 0 i1 1 1 2 2 2
0-x -x 0-x -xi i1 2
s A u , ¤ x ,Ž . Ž .0 0
Ž . Ž .i.e., u F A u , ¤ . In the same way, we can prove that A ¤ , u F ¤ .0 0 0 0 0 0
Summing up, A satisfies all the conditions of Lemma 1; then A has a
Ž . w x w xminimax coupled fixed point u*, ¤* g u , ¤ = u , ¤ . In addition,0 0 0 0
5 5 1 5 5 1 5 5 1u* y ¤* s A u*, ¤* y A ¤*, u* F f u* y ¤* .Ž . Ž . Ž .P C P C P C
5 5 1If u* / ¤*, by virtue of the character of f, we have 0 - u* y ¤* FP C
Ž5 5 1. 5 5 1f u* y ¤* - u* y ¤* . This brings a contradiction; hence u* sP C P C
1w x w x¤*. If there exist a fixed point w* g PC J, E _ u , ¤ of A, we have0 0
5 5 Ž5 5 1.w* / u*; then 0 - w* y u* F f w* y u* , which is contradic-P C P C1
Ž .tory to f r q - r, ; r ) 0. Hence, A has an unique fixed point u* g
1w x Ž . 1w x 2w xPC J, E , i.e., IVP 1 has an unique solution in PC J, E l C J9, E .
Ž . Ž . Ž .From sequences 3 , we know that u s A u , ¤ , ¤ s A ¤ , un ny1 ny1 n ny1 ny1
Ž . 5 Ž . Ž .5 5 Ž . Ž .5 Ž .n s 1, 2, . . . , and u x y u* x “ 0, ¤ x y u* x “ 0 n “ ‘ .n n
Ž . Ž . Ž .Remark. 1 From condition i and u F ¤ in condition iv , we0 0
 Ž Ž .. Ž Ž ..4  Ž Ž .. Ž Ž ..4 Ž .know that min I u x , I ¤ x and max I u x , I ¤ x in 2 alli 0 i i 0 i i 0 i i 0 i
˜exist, and we have a similar conclusion for I .i
Ž .2 In the same way, we may discuss the IVP of the first order
impulsive differential equations in E
¡u9 s f x , u , u , x g J , x / x ,Ž . i~ <Du s I u x i s 1, 2, . . . , m ,Ž . Ž .Ž .xsx i ii¢u 0 s w ,Ž . 0
and obtain similar results.
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3. AN EXAMPLE
Consider the IVP of the infinite system for nonlinear scalar second
order impulsive differential equations
x¡ Y x q 1 1 1 1u x s y u x q u s ds, 0 F x F 1, x / ,Ž . Ž . Ž .22 3 3 Hj jq2 j400 j 10 10 j q 1 2Ž .
0
1 1< 1Du s u ,Ž .~ xsj j2 22
X 49 1< 1Du s arctg u j s 1, 2, . . . ,Ž .Ž .xsj j100 22
X¢u 0 s 0, u 0 s 0.Ž . Ž .j j
4Ž .
Ž .Conclusion. IVP 4 admits an unique solution which is continuously
1 1w . Ž xdifferentiable on 0, j , 1 .2 2
1  Ž . ‘ < < 4Proof. Let E s l s u s u , u , . . . , u , . . . N Ý u - ‘ , with1 2 n ns1 n
5 5 ‘ < <  Ž . 1norm u s Ý u and P s u s u , . . . , u , . . . g l N u G 0, n sns1 n 1 n n
4 Ž .1, 2, . . . . Then P is a normal cone in E. IVP 4 can be regarded as an IVP
Ž . w x Ž . Ž .of form 1 , where J s 0, 1 , f s f , . . . , f , . . . , I s I , . . . , I , . . . ,1 j 1 11 1 j
˜ ˜ ˜Ž . Ž . Ž .I s I , . . . , I , . . . , u s u , . . . , u , . . . , ¤ s ¤ , . . . , ¤ , . . . , w s1 11 1 j 1 j 1 j 0
Ž . Ž .w , . . . , w , . . . , w s w , . . . , w , . . . , in which01 0 j 1 11 1 j
xx q 1 1 1
f x , u x , ¤ x s y ¤ x q u s ds,Ž . Ž . Ž . Ž .Ž . Hj jq2 j2 3 23400 j 10 010 j q 1Ž .
1 1 1 1 49 1˜Ž Ž .. Ž . Ž Ž .. Ž .I u s u , I u s arctg u , w s 0, w s 0. Obviously,1 j j 1 j j 0 j 1 j2 2 2 2 100 2
˜w x w x Ž .f g C J = E = E, E , I , I g C E, E , f x, u, ¤ is nondecreasing in u andi i
4˜nonincreasing in ¤ , I , I are nondecreasing operators. Let a s , b1 1 1999
500 490 999 1Ž . w xs , c s , f x s x; then for any y g J, u , u , ¤ , ¤ g PC J, E ,31 1 2 1 2999 999 10
we have
5 5f y , u y , ¤ y y f y , u y , ¤ yŽ . Ž . Ž . Ž .Ž . Ž .1 1 2 2
‘
< <s f y , u y , ¤ y y f y , u y , ¤ yŽ . Ž . Ž . Ž .Ž . Ž .Ý i 1 1 j 2 2
js1
‘ ‘
12 < < < <F ¤ x y ¤ x q u x y u x dxŽ . Ž . Ž . Ž .3 Ý ÝH1 2 1 210 jq 2 jq2 j j
0js1 js1
1 5 5 5 5F u y u q ¤ y ¤P C P C1 2 1 2500
5 5 1 5 5 1F af max u y u , ¤ y ¤ , 4Ž .P C P C1 2 1 2
1
15 5 5 5 5 5I u y y I u y F u y u F b f u y u ,Ž . Ž . Ž . Ž .Ž . Ž . P C P C1 1 1 2 1 2 i 1 22
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‘




1< < 5 5F u y y u y F c f u y u ;Ž . Ž . Ž .Ý P C1 2 i 1 2100 j j
js1
Ž .hence, condition iii of Theorem 1 is satisfied.
Ž . Ž .At last, let u x s 0, 0, . . . , x g J,0
x2 12¡ x , . . . , , . . . , 0 F x F ;2ž /j 2~¤ x sŽ .0 Ž .x x q 1 1¢ x x q 1 , . . . , , . . . , - x F 1.Ž . 2Ž .j 2
2w x 1w x 2w x Ž . Ž .We have u g C J, E , ¤ g PC J, E l C J9, E , and u x F ¤ x ,0 0 0 0
X Ž . X Ž .u x F ¤ x . By Lemma 2 and given P is a normal cone in l , we have Q0 0 1
1w x w xis a normal cone in PC J, E ; hence u , ¤ is bounded with regard to the0 0
norm. For any j s 1, 2, . . . , we have
u 0 s 0, uX 0 s 0, ¤ 0 s 0, ¤ X 0 s 0,Ž . Ž . Ž . Ž .0 j 0 j 0 j 0 j
1 1 1 1< 1Du s 0 F min u , ¤ , 4Ž . Ž .xs0 j 0 j 0 j2 2 2 22
1 1 1 1 1< 1D¤ s G max u , ¤ , 4Ž . Ž .2xs0 j 0 j 0 j2 j 2 2 2 22
X 49 1 49 1< 1Du s 0 F min arctg u , arctg ¤ , 4Ž . Ž .xs0 j 0 j 0 j100 2 100 22
X 1 49 1 49 1< 1D¤ s G max arctg u , arctg ¤ , 4Ž . Ž .2xs0 j 0 j 0 jj 100 2 100 22
Y 1 1 2u x s 0, f x , u x , ¤ x G y ) 0, x g J ,Ž . Ž . Ž . 2Ž . 2 30 j j 0 0 400 j 10 j q 2Ž .
Y 2 1¤ x s , x g J , x / ,Ž . 20 j j 2
2 1 2 2f x , ¤ x , u x F q - , x g J .Ž . Ž .Ž . 2 3 2 2 2j 0 0 400 j 10 j j j
Ž .Consequently, u and ¤ satisfy condition iv of Theorem 1. Therefore,0 0
our conclusion follows from Theorem 1.
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